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Abstract
Using graph theoretical technique, we present a construction of a (30, 2, 29, 14)-relative difference
set ﬁxed by inversion in the smallest ﬁnite simple group—the alternating group A5. To our knowledge
this is the ﬁrst example known of relative difference sets in the ﬁnite simple groups with a non-trivial
forbidden subgroup. A connection is then established between some relative difference sets ﬁxed by
inversion and certain antipodal distance-regular Cayley graphs. With the connection, several families
of antipodal distance-regular Cayley graphs which are coverings of complete graphs are presented.
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1. Introduction
Let G be a ﬁnite group. A subset R ⊂ G is called a relative difference set
relative to a (not necessarily normal) subgroup N < G if there exists a constant 
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such that
(i) for every element g ∈ G\N , there are exactly  pairs of elements r1, r2 ∈ R such that
g = r1r−12 ;
(ii) for every g ∈ N\{1}, there exist no elements r1, r2 ∈ R such that g = r1r−12 .
In the case whereN = 1, R is simply called a difference set ofG. A relative difference set R
is said to be ﬁxed by inversion ifR = R(−1) := {r−1 | r ∈ R}. In the case whereN has order
n, G has order mn, and R has size k, the relative difference set R is called an (m, n, k, )-
relative difference set; while if N = 1, then R is simply called an (m, k, )-difference set.
WhenN 
= 1, the subgroup N is called the forbidden subgroup. For the connection between
relative difference sets and divisible designs, we refer the reader to [3, Chapter VI]; [22].
Difference sets and relative difference sets have been extensively investigated for many
decades. The ﬁrst examples of relative difference sets were given by Bose [4], and since then
relative difference sets have received considerable attention, see for example
[5,10,14,1,23,16,24]. Although they have been studied for such a long time, difference
sets and relative difference sets are only constructed in some very special classes of soluble
groups, such as cyclic groups and abelian groups. One of the purpose of this paper is to
construct a relative difference set in the alternating group A5. To our knowledge, this is the
ﬁrst known example of relative difference sets in ﬁnite simple groups.
Theorem 1.1. Let G = A5 acting on {1, 2, 3, 4, 5}, and let R be the set of following
elements of G:
(13542), (154), (14)(23), (13254), (12543), (15324), (245), (132),
(152), (13)(45), (12435), (235), (15234), (15342), (125), (14)(25),
(13)(25), (123), (14325), (23)(45), (14235), (253), (254), (13452),
(12453), (145), (12)(35), (14523), (15)(24).
Then R is a (30, 2, 29, 14)-relative difference set in G with respect to the subgroup
N = 〈(25)(34)〉Z2.
The method we use in constructing this relative difference set of A5 is graph theoretic.
For a group G and a subset R of G with R = R(−1), a Cayley graph Cay(G,R) is deﬁned
as the graph with vertex set G such that two vertices g, h ∈ G are adjacent if and only
if hg−1 ∈ R. Consequently, for any (relative) difference set ﬁxed by inversion there is an
associated Cayley graph, and the (relative) difference sets thus may be described in graph
theory language.
In the study of isomorphisms of Cayley graphs in [17], a graph is constructed as a coset
graph of the simple group PSL(2, 29), which is shown to be a Cayley graph of A5 of valency
29, that is,  = Cay(A5, R) for some subset R ⊂ A5. It is further proved in [17] that there
exists another subset S ⊂ A5 such that two Cayley graphs Cay(A5, R) and Cay(A5, S) are
isomorphic but R and S are not conjugate in Aut(A5) = S5. Theorem 1.1 presents the subset
R explicitly. Its proof is based on the structure property of the associated Cayley graphs.
With the assistance of computer, we obtain the list of elements of R in terms of the group
A5 as given above. This Cayley graph has been referred in [18,19,20] as a typical example
to illustrate the applications of Cayley graphs in the study of other combinatorial objects.
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This example suggests a graph theoretic method for studying relative difference sets. We
will establish a connection between certain relative difference sets ﬁxed by inversion and
certain special class of Cayley graphs. In particular, we will show that if R is certain type of
relative difference set ofGwhich is ﬁxed by inversion, then Cay(G,R) is a distance-regular
graph, deﬁned below.
Let  be a graph with vertex set V and edge set E. For vertices , ∈ V , denote by
d(,) the distance between  and  in , that is, the length of shortest path between 
and . The largest distance d between any two vertices is called the diameter of . Let
Si,j (,) = { ∈ V | d(, ) = i, d(, ) = j} for 0 i, jd. A graph is said to be
distance-regular if the size |Si,j (,)| does not depend on the choice of ,, only depends
on the distance d(,).A distance-regular graph is in particularly a regular graph of valency
k = |S1,1(, )|. If d(,) = l, let si,j,l = |Si,j (,)|, and further let


ai = s1,i,i ,
bi = s1,i+1,i ,
ci = s1,i−1,i .
Then b0 = k, and for each i, ai + bi + ci = k. The sequence
() = {b0, b1, · · · , bd−1; c1, c2, · · · , cd}
is called the intersection array of . It is well known that (see [2]) a graph is distance
regular if and only if there exists an intersection array of the graph. This fact will be used in
Section 3. For a vertex  of , let i () = { ∈ V | d(,) = i}, the ith neighbourhood of
 in . The neighbourhood 1() is simply denoted by (). The ith distance graph i of
 is deﬁned as follows,
Vi = V, and
Ei = {{,} | , ∈ V, d(,) = i}.
A graph  is said to be antipodal if each connected component of d is a complete graph.
Let  be an antipodal graph. The set of vertex sets of components of the dth graph d is
denoted by B. Then the antipodal quotient B is deﬁned as the graph with vertex set B
such that two vertices B,C ∈ B are adjacent if and only if some  ∈ B is adjacent to some
 ∈ C. In the case where  is distance-regular, we have that B is also distance-regular,
called an antipodal quotient of ; while  is called an antipodal cover of B.
Relative difference sets contained in Abelian groups which are ﬁxed by inversion are
also said to be reversible. Reversible relative difference sets inAbelian groups were studied
by Arasu, Jungnickel and Pott [1] and Ma [21] in great detail. The main tools in [1,21]
are character theory and number theory. In the sequels of this paper, we will employ these
classical methods to study relative difference sets ﬁxed by inversion [7], as well as develop
some new methods [8]. Reversible relative difference sets with certain parameters may
be explained as distance-regular Cayley graphs with certain restricted properties. Here we
establish such a connection for two classes of relative difference sets, that is, those which
have parameters (m, n,m− 1, (m− 2)/n) and (m, n,m,m/n).
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Theorem 1.2. Let G be a group of order mn, where m, n are positive integers. Let N be a
subgroup of G of order n, and let R be a subset of G such that R(−1) = R. Then
(1) assuming |R| = m − 1 and R ∩ N = ∅, we have that R is an (m, n,m − 1, (m −
2)/n)-relative difference set relative to N if and only if Cay(G,R) is an antipodal
distance-regular graph which has intersection array (m− 1, (n− 1)(m− 2)/n, 1; 1,
(m− 2)/n,m− 1);
(2) assuming |R| = m and R ∩ N = {1}, we have that R is an (m, n,m,m/n)-relative
difference set of G relative to N if and only if Cay(G,R\{1}) is an antipodal distance-
regular graph which has intersection array (m− 1, (n− 1)m/n, 1; 1,m/n,m− 1).
Theorem 1.1 will be proved in Section 2, and Theorem 1.2 will be proved in
Section 3. Then in Section 4, Theorem 1.2 will be used to produce several families of
antipodal distance-regular covers of complete graphs which are Cayley graphs.
2. Relative difference sets in A5
In this section, we construct a relative difference set in the alternating group A5. Let 
be a primitive element of GF(29), and let
u˜ =
(
1 0
1 1
)
, v˜ =
(
 0
0 −1
)
, g˜ =
(
0 −1
1 0
)
, w˜ =
(
 0
0 1
)
.
Then u˜, v˜, g˜ ∈ SL(2, 29), w˜ ∈ GL(2, 29)\SL(2, 29) and w˜g˜w˜−1 = v˜g˜. Let u, v,w
and g be the images of u˜, v˜, w˜ and g˜, respectively, under GL(2, 29) → PGL(2, 29). Let
X = PSL(2, 29), H = 〈u, v2〉 and K = 〈u, v〉. Clearly H and K are subgroups of X and
HZ29Z7 and KZ29Z14. Now g−1vg = v−1, and thus H ∩Hg = 〈v2〉Z7.
Deﬁne a coset graph:
 = (X,H,HgH),
that is, the vertex set V = [X : H ], the set of right cosets of H in X, and vertices Hx,Hy
are adjacent if and only if yx−1 ∈ HgH . Then X, acting on V by right multiplication, is a
subgroup of Aut.
Now H is a subgroup of K of index 2, and X acts 2-transitively on [X : K]. Let B = [X :
K]. Then BK30, the complete graph of 30 vertices, and B is an X-invariant partition
of V such that each block of the partition has size 2. Write B = {B0, B1, . . . , B29}, and
Bi = {i ,i}. It is easily shown that there are exactly two edges of  between any two
blocksBi, Bj , and it then follows that d(i ,i )3 (refer to [17]). Label elements ofV such
that 0 is the vertex corresponding to H, 0 has neighbourhood (0) = {1, 2, . . . , 29}
and 0 = Hv = Hv−1 has neighbourhood (0) = {1,2, . . . ,29}, where i = Hgui
and i = Hvgui = Hgv−1ui , for all 1 i29. Clearly,
V = {0} ∪ (0) ∪ (0) ∪ {0}.
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We note that the distance of any two vertices Hx and Hy of  is equal to 2 if and only if
yx−1 ∈ HvgH . Therefore, we have
2 = 2(X,H,HgH)(X,H,HvgH),
where 2 = 2(X,H,HgH) is the 2-nd distance graph of  = (X,H,HgH). Since
wXw−1 = X, wHw−1 = H and wgw−1 = vg, it is clear that the automorphism of X,
w : X→X,
(x) = wxw−1,
induces an isomorphismbetween graph(X,H,HgH) and graph(X,H,HvgH). Hence
(X,H,HgH)2(X,H,HgH).
Lemma 2.1 (Li [17]). Let  be the graph deﬁned above, and let G = A5. Then
(1)  is a Cayley graph of G of valency 29;
(2) Aut = X × 〈〉PSL(2, 29)× Z2, where  is an involution which interchanges i
and i for each i.
We remark here that the involution  is also given by left multiplying each vertex Hx of
(X,H,HgH) by v ∈ X since vHv−1 = H .
Identify V with G = A5 in such a way that G = {i ,i | i = 0, 1, . . . , 29}, and 0 = 1,
the identity of G. Let Gˆ be the regular subgroup of Aut induced by right multiplications
of elements of G, that is, tˆ ∈ Gˆ maps x to xt for all elements x ∈ G. Since Gˆ is regular on
V, ˆ0 is the only element of Gˆ which maps 1 to 0. It follows that 0 is an involution of G,
and B0 is a block of imprimitivity for Aut. Let N = 〈0〉 = {1,0}, and let
R = (1) = {1, 2, . . . , 29}, and
S = {1,2, . . . ,29}.
Then  = Cay(G,R), R ∩ S = ∅ and R ∪ S = G\N . Let  = Cay(G, S).
Lemma 2.2. (1) The graphs  and  are isomorphic.
(2) The subsets R and S are not conjugate in Aut(G) = S5.
Proof. It is clear that the distance between two vertices x and y in  = Cay(G,R) is 2 if
and only if yx−1 ∈ S. This means that = Cay(G, S)2 and therefore as2.
Suppose that R is conjugate to S in Aut(G) = S5, that is Rf = S for some f ∈ S5. It is
easily shown that f centralises N. Using the explicit description of R in Theorem 1.1 we can
easily conclude that such f do not exist. 
LetY = Aut = X×〈〉PSL(2, 29)×Z2 andY1 the stabiliser of 1 in = Cay(G,R).
Then Y1Z29Z14, and Y1 acts faithfully on R. Let = [R] be the induced subgraph of
over the subset R, that is, has vertex set R, and the edge set of consists of edges of that
are incident to two vertices in R. Then Y1Aut, and it follows that  is a Cayley graph
of the cyclic group Z29. Since the simple group PSL(2, 29) acts on V transitively,  is not
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a bi-partite graph, and thus  contains edges. It then follows since Y1Z29Z14 that the
valency of  is either 14 or 28. On the other hand, since  is a connected graph,  
K29,
the complete graph of 29 vertices. Thus is of valency 14, and so each vertex i is adjacent
to exactly 14 vertices in R. Further, since  is of valency 29 and i is not adjacent to i ,
it follows that each vertex in R is adjacent to exactly 14 vertices in G\(R ∪ N) = S and
vise versa. It then follows that each element of G\{1,0} can be written as r1r−12 , where
r1, r2 ∈ R, in 14 different ways. Similarly, the same conclusion holds for S. Hence we
have:
Lemma 2.3. The above deﬁned subsets R and S are (30, 2, 29, 14)-relative difference sets
in A5 with respect to N, which are not conjugate in Aut(A5).
3. Proof of Theorem 1.2
This section is devoted to prove Theorem 1.2. We break down the proof into several
lemmas. Let G be a ﬁnite group. Let N be a subgroup of G, and R a subset of G such that
R = R(−1). Let 1 be the identity of G. Assume that |G| = mn and |N | = n. The ﬁrst
lemma shows that the Cayley graph  = Cay(G,R) has diameter 3 if either R or R ∪ {1}
is a relative difference set of G.
Lemma 3.1. Assume thatR∩N = ∅ and that either R orR∪{1} is an (m, n, k, )-relative
difference set in G relative to N. Then
(i) the diameter of the Cayley graph  = Cay(G,R) is equal to 3;
(ii) 1(1) = R, 2(1) = G\(N ∪ R), and 3(1) = N\{1};
(iii) two vertices of Cay(G,R) are at distance 3 if and only if they are lie in the same coset
of N.
Proof. By the deﬁnition of relative difference set, for each g ∈ R, we have d(1, g) = 1;
while for each g /∈ R ∪N , we have d(1, g) = 2 as g = r1r2 for some elements r1, r2 ∈ R.
For an arbitrary element x ∈ N\{1}, take an element r ∈ R and set g = xr . Since
N ∩ R = ∅, the element g /∈ N , and hence d(1, g)2. Therefore, the distance d(1, x) =
d(1, gr−1)d(1, g)+d(g, gr−1) = 3. On the other hand, the distance d(1, x)3 because
x 
= r1r2 for any r1, r2 ∈ R. Hence d(1, x) = 3, so that 1(1) = R, 2(1) = G\(N ∪ R),
and 3(1) = N\{1}. Now the subgroup N acts transitively on the vertex subset N ⊂ G by
right multiplication. It follows that for any g ∈ N ,3(g) = N\{g}, so that any two vertices
of N are at distance 3. Since Gˆ acts on V = G regularly, it follows that any two vertices
of Nx are at distance 3, and hence  is an antipodal graph with antipodal blocks Nx, where
x ∈ G. In particular, the diameter of Cay(G,R) equals 3. block. 
The next two lemmas show the Cayley graph Cay(G,R) is distance-regular if either R
or R ∪ {1} is a relative difference set of certain size in G.
Lemma 3.2. Assume that R ∩ N = ∅ and that R is an (m, n, k, )-relative difference
set in G with respect to N. Then the Cayley graph Cay(G,R) is distance-regular if and
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only k = m − 1. The intersection array of Cay(G,R) is (m − 1, (n − 1)(m − 2)/n, 1;
1, (m− 2)/n,m− 1) when k = m− 1.
Proof. Since Cay(G,R) is a vertex-transitive graph, we only need to verify the existence of
the intersection array for a ﬁxed vertex, say the identity 1 ofG. By Lemma 3.1, the diameter
of Cay(G,R) equals 3. It is clear that b0 = |R| = k, c1 = 1 and c3 = |R| = k.
For any element r ∈ R, a vertex g of Cay(G,R) is adjacent to both vertices r and 1 if and
only if g ∈ R and r = r ′g for some r ′ ∈ R. By the deﬁnition of relative difference sets, there
are exactly  such elements g’s in R, that is, the size a1 = |{g ∈ G | d(1, g) = d(r, g) = 1}|
equals, independent of the choice of r ∈ R. It follows that {g ∈ G | d(1, g) = 1, d(r, g) =
2} is the subset consisting of elements of R which are not adjacent to r, and so has size
|R| −  − 1, which is independent of r. Thus b1 = b0 −  − 1 = k −  − 1. A similar
argument shows that c2 = .
By Lemma 3.1, 2(1) = G\(N ∪R). Let g ∈ G\(N ∪R), so that d(1, g) = 2. Consider
S1,3(1, g) := {x ∈ G | d(1, x) = 1, d(g, x) = 3}, which is equal to Ng ∩ R. By the
deﬁnition of relative difference set, the size b2 = |Ng∩R|1. Therefore b2 is independent
of g if and only if |Ng ∩ R| = 1 for all g ∈ G\(N ∪ R), or equivalently, k = m− 1. 
Lemma 3.3. Assume thatR∩N = ∅ and thatR∪{1} is an (m, n, k, )-relative difference
set in G with respect to N. Then the Cayley graph Cay(G,R) is distance-regular if and only
k = m. The intersection array of Cay(G,R) is (m − 1, (n − 1)m/n, 1; 1,m/n,m − 1)
when k = m.
Proof. Since Cay(G,R) is a vertex-transitive graph, we only need to verify the existence of
the intersection array for a ﬁxed vertex, say the identity 1 ofG. By Lemma 3.1, the diameter
of Cay(G,R) equals 3. It is clear that b0 = |R| = k − 1, c1 = 1 and c3 = |R| = k − 1.
For any element r ∈ R, a vertex g of Cay(G,R) is adjacent to both vertices r and 1 if
and only if g ∈ R and r = r ′g for some r ′ ∈ R. By the deﬁnition of relative difference
sets, there are exactly  − 2 such elements g’s in R, that is, the size a1 = |{g ∈ G |
d(1, g) = d(r, g) = 1}| equals  − 2, independent of the choice of r ∈ R. It follows
that {g ∈ G | d(1, g) = 1, d(r, g) = 2} is the subset consisting of elements of R which
are not adjacent to r, and so has size |R| − ( − 2) − 1, which is independent of r. Thus
b1 = b0 − (− 2)− 1 = k − − 2. A similar argument shows that c2 = .
By Lemma 3.1, 2(1) = G\(N ∪R). Let g ∈ G\(N ∪R), so that d(1, g) = 2. Consider
S1,3(1, g) := {x ∈ G | d(1, x) = 1, d(g, x) = 3}, which is equal to Ng ∩ R. By the
deﬁnition of relative difference set, the size b2 = |Ng∩R|1. Therefore b2 is independent
of g if and only if |Ng ∩ R| = 1 for all g ∈ G\(N ∪ R), or equivalently, k = m. 
The ﬁnal two lemmas show that R orR∪{1} is a relative difference set ofG if Cay(G,R)
is a distance-regular graph with certain properties.
Lemma 3.4. Let G be a group of order mn, and let = Cay(G,R) for some subsetR ⊂ G
withR(−1) = R.Assume that is an antipodal distance-regular graph with antipodal block
size n, and assume further that  has intersection array (k, k − − 1, 1; 1, , k). Let N be
the setwise stabiliser in G of the antipodal block containing the identity 1. ThenR∩N = ∅,
and R is an (m, n, k, )-relative difference set ﬁxed by inversion of G relative to N.
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Proof. By the assumption, the diameter of  equals 3, and the valency of  equals k, so that
|R| = k. Let B be the antipodal block of  containing 1. Then |N | = |B| = n. The vertex 1
is adjacent to no vertices inN, and soR∩N = ∅. Further,  = c2 = k−(b1+c1) = a1. This
means that for every element g ∈ G\N , there are  ordered pairs of r1, r2 ∈ R such that
g = r1r2 and no such pairs for g ∈ N\{1}. Since R(−1) = R, R is an (m, n, k, )-relative
difference set of G relative to N. 
Lemma 3.5. Let G be a group of order mn, and let = Cay(G,R) for some subsetR ⊂ G
withR(−1) = R.Assume that is an antipodal distance-regular graph with antipodal block
size n, and assume further that  has intersection array (k, k − + 1, 1; 1, , k). Let N be
the setwise stabiliser in G of the antipodal block containing the identity 1. ThenR∩N = ∅,
andR∪{1} is an (m, n, k+1, )-relative difference set ﬁxed by inversion of G relative to N.
Proof. By the assumption, the diameter of  equals 3, and the valency of  equals k, so that
|R| = k. LetB be the antipodal block of containing 1. Then |N | = |B| = n. The vertex 1 is
adjacent to no vertices inN, and soR∩N = ∅. Further,  = c2 = k−(b1+c1)+2 = a1+2.
This means that for every element g ∈ G\(R ∪N), there are  ordered pairs of r1, r2 ∈ R
such that g = r1r2,  − 2 such pairs for g ∈ R and no such pairs for g ∈ N\{1}. Since
R(−1) = R, R ∪ {1} is an (m, n, k + 1, )-relative difference set of G relative to N. 
4. Some distance-regular Cayley graphs
There are several families of currently known semiregular relative difference sets which
are ﬁxed by inversion. The difference sets contained in [8] have the parameters (q21 , q2, q21 ,
q21/q2),whereq1 andq2 are powers of an oddprime andq2q1.The distance-regularCayley
graphs obtained from these graphs coincide with those graphs constructed in [11,13].When
q1 and q2 are powers of 2, a construction of such relative difference sets can be found in [15].
Here we give a simple description following [8,13]. Let F be a ﬁnite ﬁeld with |F | = q1
and G = F ⊕ F . Let A be a abelian group of order q2 such that there is a surjective group
homomorphism  : F → A from the additive group of F to A, Deﬁne
E(A,G) = (A×G, ·)
with the multiplication
(a, (x1, x2)) · (b, (y1, y2)) = ((x1y2 − x2y1)+ a + b, (x1 + y1, x2 + y2)).
Then E(A,G) is a group of exponent ch(F ) and R = {(0, g) | g ∈ G} is a desired relative
difference set relative the central subgroup A. Hence by Theorem 1.2, we have
Theorem 4.1. There are distance regular Cayley graphs of size q21q2 with intersection
array (q21 − 1, q21 (1− 1/q2), 1; 1, q21/q2, q21 − 1), where q1 and q2 are powers of a prime.
According to [1], there is a reversible (4n2, 2, 4n2, 2n2)-relative difference set R =
({0} × D) ∪ ({1} × (G\D)) in an abelian group Z2 × G whenever there is reversible
(4n2, 2n2 ± n, n2 ± n)-difference set D in G. From the results of [6] and [9], we know
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that there are reversible (4n2, 2n2 ± n, n2 ± n)-difference set when n = 2a3bu2, where
a, b = ±1 and u is any non-zero integer. Hence by Theorem 1.2, we have
Theorem 4.2. There are distance regular Cayley graphs of size 8n2 with intersection array
(4n2 − 1, 2n2, 1; 1, 2n2, 4n2 − 1), where n = 2a3bu2, a, b = ±1 and u is any non-zero
integer.
These are all the antipodal distance-regular Cayley graphs of diameter 3 that are known
so far.
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